Using our analytical expressions that well model the lattice simulations of the gluonic excitations, we use the extended quark potential model to study the effects of orbital and radial excitations on the masses and sizes of conventional and hybrid B c mesons. A non relativistic formalism is used to numerically calculate the wave functions using the shooting method; this allows us also calculating the E1, M 1 radiative partial widths for conventional meson to meson and hybrid to hybrid transitions. We incorporate spin mixing and compare our calculated spectrum and decay widths with the available experimental B c masses and the theoretically predicted spectra and the decay widths by other groups. Our results can help consider both conventional and hybrid quantum numbers to B c mesons as experimental results become available.
I. Introduction
Once we have written potential for a two body system, we can use this to solve a relativistic or even non-relativistic wave equation and then use the resulting wave functions and energies to predict properties of the system. In contrast to the electromagnetic field, the total energy of the color (or the gluonic) field for a set of positions of a quark and an antiquark may have more than one value; computer simulations of quantum chromodynamics (QCD) produce a number of curves for the total energy of the gluonic field [1] . A possible solution to the resulting difficulty is to keep defining potential energy as a function of the quark and antiquark positions, but use different potentials for each variety of the gluonic field for one set of quark and antiquark positions. For the gluonic field in its ground state denoted by Σ + g in [1] , a number of expressions are known including the Cornell potential [2] of the Coulombic plus linear form. To this spin dependent terms, like the spin-spin interaction [3] , can be added. If this potential is used in a non-relativistic Schrödinger equation, relativistic effects can be incorporated to a large extent by adjusting values of the constituent quark masses. For the gluonic field in the first excited state Π u , the above potential can be used along with an additional term to model the difference between the first gluonic excitation and ground state of the gluonic field. We suggested in ref. [4] a number of analytical expressions for this potential and then used the one which best fits the relevant lattice-generated discrete energies to find a number of dynamical implications (radii, wave functions at origin, leptonic and two photon decay widths, E1 and M 1 radiative transitions) for heavy quarkonia that can be compared with actual hard experiments. These sectors have zero net flavor and hence are eigenstates of C parity. Now, we extend this work to a sector of net non zero flavor, namely B c where C parity is not a good quantum number and hence here states with different total spins but with the same total angular momentum can mix. Such mesons cannot annihilate into gluons. So these are more stable; their widths are less than a hundred keV. Thus our radiative corrections (E 1 and M 1 transitions) can be compared with experiments without combining with annihilation diagrams.
Experimentally only two B c meson states (B c (1S), B c (2S)) are discovered with mass 6.2749± 0.0008 GeV and 6.842 ± 0.004 ± 0.005 GeV respectively. Many phenomenologists are working to investigate the nature of B c mesons. Spectrum of B c meson is calculated by using the quark potential model [5, 6, 7, 8, 9, 10] , the heavy quark effective theory [11] , QCD Sum rule [12, 13] , QCD spectral sum rules [14] , and lattice QCD [15, 16, 17] . Refs. [5, 12, 9] compute electromagnetic and hadronic transition rates of B c mesons, and refs. [6, 7, 8] give predictions for their electromagnetic transition widths. Ref. [14] discusses decay constants and semileptonic widths of mesons with charm and beauty quarks; ref. [9] also reports semileptonic widths of the B + c meson. Both spectrum and decays are used to try identifying a meson. A possibility is that the meson under study is a hybrid. For the B c sector, hybrids are considered so far only in ref. [13] . This work reports, in addition to the spectrum, decay pattern for six states (0 + , 0 − , 1 + , 1 − , 2 + , 2 − ). But we predict a more comprehensive list of masses, radii and radiative transitions of hybrid B c states and pave the way for considering the hybrid option in future studies of mesons with non-zero net flavor as well.
The paper is organized as follows. In the section II, the Schrodinger equation along with the potential models for conventional and hybrid mesons is written. The expressions used to find masses, root mean square radii and M 1 and E1 radiative transition widths for conventional and hybrid B c mesons are written in section III. Results for the masses and root mean square radii for the radial and orbital ground and excited states of conventional and hybrid B c mesons are reported in section IV. Radiative partial widths are also reported in this section.
II. Schrodinger Equation for Conventional and Hybrid B c mesons
To calculate the wave function of the bound state of quark-antiquark pair, we use the radial Schrödinger equation
where E is the energy of meson, U (r) = rR(r) in which R(r) is the radial factor of the wave function, and < L 2> is quark-antiquark relative angular momentum given as [1, 18 ]
is the potential defined below.
IIa. Conventional meson Potential
For the conventional heavy-light mesons, we use the following potential
where α s and b are the strong coupling constant and string tension respectively, and T is the tensor operator defined as
such that
Here L is the relative orbital angular momentum of the quark-antiquark and S is the total spin angular momentum. The spin-orbit potential and the tensor term are both zero [3] for L = 0, where in the third term
. µ is the reduced mass of the quark and antiquark and m q is the constituent mass of the quarks.
IIb. Hybrid meson potential
To describe hybrid meson in the Born-Oppenheimer (BO) approximation used in [4, 18, 19, 20] , we use the static potential V h(r) in place of V (r) of eq. (3):
where V g (r) is the gluonic potential whose functional form varies with the level of gluonic excitation. This potential and the corresponding gluonic states are labeled by Greek letters Σ, Π, ∆, ... corresponding to Λ = 0, 1, 2... which represents the projection of total angular momentum of gluons onto the quark anti-quark axis. The gluonic states which are even (odd) under the combined operation of charge conjugation and spatial inversion are represented by a subscript g(u) to the label. In present work we study the hybrids in which the gluons are in the first excited state, i.e., Λ = 1. This state is represented by the label Π u for which the squared gluon angular momentum J 2 g = 2 and Λ = 1 [21] making −2Λ 2 + J 2 g = 0. For this the parity of hybrid meson is given by
where ǫ = ±1 for the Π u state [21] . In the present work we use the following V g (r)
where the values of the constants A = 3.4693 GeV, B = 1.0110 GeV, and c = 0.1745 are fixed by our earlier fit [4] to the lattice data [21] . It is shown in ref. [4] that the form of eq. (8) provides best fit to the lattice data [21] .
IIc. Mixed States
The mesons with equal quark anti-quark mass satisfy the following parity and charge expressions
But mesons with unequal quark anti-quark flavors, like B c mesons, are not eigenstates of the charge conjugation. So the states with different total spins (S) and same total angular momentum (J) can mix. For example, 1 P 1 and 3 P 1 states of B c mesons can mix because both states have same J = 1, but S = 0 for 1 P 1 and S = 1 for 3 P 1 . The measurable P states with J = 1 are the linear combinations of 1 P 1 and 3 P 1 expressed as 
For heavy quarks, the mixing angle becomes [22] 
so θ nP = 35.3 o and θ nD = 39.2 o .
III. Properties of Conventional and Hybrid B c mesons IIIa. Spectrum of Mesons
To compute the spectrum of mesons, we find numerical solutions of the Schrödinger equation by using the shooting method. The mass of a quark-antiquark meson state is obtained by addition of constituent quarks mass to the energy E corresponding to the accepted solutions. 
IIIb. Radii
The normalized wave functions are used to calculate root mean square radii using the following relation:
It is noted that terms in the potential which are proportional to 1 r 3 make the wave function unstable at small distance whenever J = L or J = L − 1. In calculating the masses the problem is overcome by treating these terms through the perturbation theory. However, calculating the perturbative correction to the wave function is difficult as in this case the contributions come from all possible mass eigenstates. Therefore in this case we applied the smearing of position coordinates to tame the potential at small distance as discussed in Ref. [23] .
IIIc. Radiative transitions
E1 radiative partial widths for meson to meson transitions were calculated by using the following expression given in ref. [9] .
Here
Q(Q) is quark(antiquark) charge, m q , m q , α, ω, E f , and M i represent the quark mass, anti-quark mass, electromagnetic fine structure constant, final photon energy, total energy of the final state meson, and mass of initial state meson respectively, and
To calculate M 1 radiative partial widths for meson to meson transitions, the following expression [24] was used:
Here j 0 (x) is a spherical Bessel function.
In Tables (5-9 ) we report the calculated values of M 1 and E 1 transitions for conventional as well as hybrid B c mesons. In the M 1 transitions the initial and final states belong to the same orbital excitation but have different spins, and in the E1 transitions the orbital quantum numbers of initial and final states are changed but spin remains the same.
IV. Results and Conclusions
The aim of the present paper is to study conventional and hybrid B c mesons. For this purpose, we calculate the masses, radii and radiative transitions for ground and radially excited conventional and hybrid B c meson states. In Table 1 and Table 3 , our calculated masses and radii are reported for the ground and radially excited states of conventional and hybrid B c mesons respectively. Only two B c meson states (B c (1S), B c (2S)) are known experimentally. The experimental masses of these states are given in 4th column of Table 1 . Table 1 and 3 show that the mass and radii of the conventional and hybrid B c mesons monotonically increase with radial and orbital excitations. The similar results are obtained for the charmonium and bottomonium mesons in refs. [4, 20, 27] . In Table 2 , we compare our calculated masses of conventional B c mesons with others [5, 8, 9, 10, 16, 25, 26] . It is observed our results well agree with the calculated spectrum by others as mentioned in Table 2 . In Table 3 , the calculated masses of hybrid B c mesons are reported for the same values of n, L, and S as used for the conventional mesons. In order to distinguish hybrids from non-hybrids, we use here a workable notation of adding a superscript h to the symbol of the conventional meson with the same n, L, and S. The same notation is already used in [27] . These results show that for the same quantum numbers (n, L, and S) the mass of a hybrid meson is significantly greater than that of the corresponding conventional meson. It is noted that J P of each hybrid meson is also different from the corresponding conventional meson for same L and S. This difference arises because of the angular momentum of the gluonic field which contributes in the hybrid case. It is also noted that the gluonic potential Π u applied in this work allows two possible value of ǫ in eq. (7). As a result we obtain two degenerate hybrid states with opposite values of parity. Observing the results reported in Table 3 , it is found that the lightest hybrid B c meson state has mass 7.422 GeV with J P = 1 + (1 − ) which is greater than the lowest conventional B c meson state. In Ref. [13] the masses of B c hybrid mesons having J P = 0 − , 0 + , 1 − , 1 + , 2 − , 2 + are calculated using the QCD sum rule. The comparison of our results with that of Ref. [13] is provided in Table 4 . This Ref. predicts that the lightest B c hybrid state is 1 − with a mass of 6.83 ± 0.08 ± 0.07 GeV, whereas our potential model predicts its mass to be 7.422 GeV.
In Tables (5-9 ), our calculated electric dipole (E1) and magnetic dipole (M1) transitions are reported. In 4th column of tables (5-8) E1 radiative transitions for conventional to conventional Table 3 : Masses and radii of ground and radially excited state hybrid B c mesons. Our calculated masses are rounded to 0.001 GeV. 7.67 ± 0.07 ± 0.02 ± 0.09 B c mesons are reported, whereas hybrid to hybrid radiative transitions are reported in 5th column of these tables. M1 transitions from conventional to conventional and hybrid to hybrid B c meson are reported in 4th and 5th column of Table 9 . It is noted that the E1 radiative transitions are typically of order of 1 to 100 keV except for the 3P → 1S transitions, whereas the M1 transitions are reduced due to the presence of mass factor in the denominator of the formula. Nevertheless M1 transitions have been useful in observing spin singlet states that are difficult to observe otherwise. We observe that the radiative transition rates from conventional to conventional mesons are higher than those for the hybrid to hybrid transitions with the same quantum numbers of the initial and final states, except few transitions (
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. Generally both E1 and M1 transition rates are also very small when the transitions occur between the states with close masses because of the reduced value of E γ . We find same behavior in the case of radiative transitions of hybrid bc states. To our knowledge, hybrid B c mesons masses are studied only using the QCD sum rules in Ref. [13] . In this Ref. masses are predicted only for six hybrid states (0 + , 0 − , 1 + , 1 − , 2 + , 2 − ), whereas we provide masses of complete spectrum with several radial and orbital excitations. This work can be helpful in B c meson searches at laboratories like BESIII, PANDA and LHCb. 
